The aim of this paper is to introduce new concepts of --complete metric space and --continuous function and establish fixed point results for modified ---rational contraction mappings in --complete metric spaces. As an application, we derive some Suzuki type fixed point theorems and new fixed point theorems for -graphic-rational contractions. Moreover, some examples and an application to integral equations are given here to illustrate the usability of the obtained results.
Preliminaries
We know by the Banach contraction principle [1] , which is a classical and powerful tool in nonlinear analysis, that a self-mapping on a complete metric space ( , ) such that ( , ) ≤ ( , ) for all , ∈ , where ∈ [0, 1), has a unique fixed point. Since then, the Banach contraction principle has been generalized in several directions (see and references cited therein).
In 2008, Suzuki [21] proved the following result that is an interesting generalization of the Banach contraction principle which also characterizes the metric completeness. 
Assume that there exists ∈ [0, 1) such that
for all , ∈ . Then there exists a unique fixed point of . Moreover, lim → +∞ = for all ∈ .
In 2012, Samet et al. [19] introduced the concepts of --contractive and -admissible mappings and established various fixed point theorems for such mappings defined on complete metric spaces. Afterwards Salimi et al. [16] and Hussain et al. [7] modified the notions of --contractive and -admissible mappings and established fixed point theorems which are proper generalizations of the recent results in [12, 19] .
Definition 2 (see [19] ). Let be a self-mapping on and let : × → [0, +∞) be a function. One says that is an -admissible mapping if
Clearly, ( , ) is not a complete metric space, but ( , ) is an --complete metric space. Indeed, if { } is a Cauchy sequence in such that ( , +1 ) ≥ ( , +1 ) for all ∈ N, then ∈ for all ∈ N. Now, since ( , ) is a complete metric space, then there exists * ∈ such that → * as → ∞.
Remark 6. Let : → be a self-mapping on metric space and let be an orbitally -complete. Define , : × → [0, +∞) by
where ( ) is an orbit of a point ∈ . Then ( , ) is an --complete metric space. Indeed, if { } be a Cauchy sequence, where ( , +1 ) ≥ ( , +1 ) for all ∈ N, then { } ⊆ ( ). Now, since is an orbitally -complete metric space, then { } converges in . That is, ( , ) is an --complete metric space. Also, suppose that ( , ) ≥ ( , ); then , ∈ ( ). Hence, , ∈ ( ). That is, ( , ) ≥ ( , ). Thus, is an -admissible mapping with respect to . Definition 7. Let ( , ) be a metric space. Let , : × → [0, ∞) and : → . One says is an --continuous mapping on ( , ), if for given ∈ and sequence { } with
Example 8. Let = [0, ∞) and ( , ) = | − | be a metric on . Assume that : → and , : × → [0, +∞) be defined by
Clearly, is not continuous, but is --continuous on ( , ). Indeed, if → as → ∞ and ( , +1 ) ≥ ( , (ii) there exist 0 ∈ N and ∈ (0, 1) and a convergent series of nonnegative terms ∑
for ≥ 0 and any ∈ R + .
In some sources, Bianchini-Grandolfi gauge function is known as ( )-comparison function (see e.g., [2] ). We denote by Ψ the family of Bianchini-Grandolfi gauge functions. The following lemma illustrates the properties of these functions.
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Lemma 10 (see [2] ). If ∈ Ψ, then the following hold:
(ii) ( ) < , for any ∈ (0, ∞);
( ) converges for any ∈ R + .
Definition 11. Let ( , ) be a metric space and let be a selfmapping on . Let
Then, (a) we say is a modified ---rational contraction mapping if
where ∈ Ψ;
(b) we say is a modified --rational contraction mapping if
where ∈ Ψ.
The following is our first main result of this section.
Theorem 12.
Let ( , ) be a metric space and let be a selfmapping on . Also, suppose that , : × → [0, ∞) are two functions and ∈ Ψ. Assume that the following assertions hold true:
(ii) is an -admissible mapping with respect to ;
(iii) is modified ---rational contraction mapping on ;
(iv) is an --continuous mapping on ;
Then has a fixed point.
for some ∈ N, then = is a fixed point for and the result is proved. Hence, we suppose that +1 ̸ = for all ∈ N. Since is -admissible mapping with respect to and
Continuing this process, we get
for all ∈ N ∪ {0}. Now, by (a) we get
where
,
and so, ( −1 , ) ≤ max{ ( −1 , ), ( , +1 )}. Now since is nondecreasing, so from (14), we have
which is a contradiction. Hence, for all ∈ N we have
By induction, we have
Fix > 0; there exists ∈ N such that
Let , ∈ N with > ≥ . Then by triangular inequality we get 
Define :
otherwise,
Clearly, ( , ) is not a complete metric space. However, it is an --complete metric space. In fact, if { } is a Cauchy sequence such that ( , 
(ii) let , ∈ (0, 1] with ̸ = ; then
(iii) let ∈ (−1, 0) and ∈ (0, 1); then
(iv) let = ∈ [−1, 0), = ∈ (0, 1] or let = −1, = 1; then, = . That is,
Thus is a modified ---rational contraction mapping. Hence all conditions of Theorem 12 are satisfied and has a fixed point. Here, = 0 is fixed point of .
By taking ( , ) = 1 for all , ∈ in Theorem 12, we obtain the following corollary.
Corollary 14. Let ( , ) be a metric space and let be a selfmapping on . Also, suppose that : × → [0, ∞) is a function and ∈ Ψ. Assume that the following assertions hold true: (i) ( , ) is an -complete metric space; (ii) is an -admissible mapping; (iii) is a modified --rational contraction on ;
(iv) is an -continuous mapping on ;
Then has a fixed point. 
holds for all ∈ N.
Proof. Let 0 ∈ be such that ( 0 , 0 ) ≥ ( 0 , 0 ). Define a sequence { } in by = 0 = −1 for all ∈ N. Now as in the proof of Theorem 12 we have ( +1 , ) ≥ ( +1 , ) for all ∈ N and there exists ∈ such that → as → ∞. Let ( , ) ̸ = 0. From (v) either
holds for all ∈ N. Then,
holds for all ∈ N. Let ( , +1 ) ≤ ( , ) hold for all ∈ N. Now from (a) we get
1 + ( , ) ,
By taking limit as → ∞ in the above inequality we get
which is a contradiction. Hence, ( , ) = 0 implies = . By the similar method we can show that 
Note that ( , ) is not a complete metric space. But it is an --complete metric space. Indeed, if { } is a Cauchy sequence such that ( ,
is an -admissible mapping with respect to . If { } is a sequence in such that ( , +1 ) ≥ ( , +1 ) with
holds for all ∈ N. Clearly,
, which is a contradiction. So, , ∈ [1, 2] . Therefore,
Therefore is a modified ---rational contraction mapping. Hence all conditions of Theorem 15 hold and has a fixed point. Here, = 8 − 2 √ 14 is a fixed point of .
If in Theorem 15 we take ( , ) = 1 for all , ∈ , then we obtain the following result. (ii) is an -admissible mapping;
(iii) is a modified --rational contraction mapping on ;
where ∈ Ψ. Then has a fixed point. 
where 0 ≤ < 1 and
Consequences
for all , ∈ , where
Then has a unique fixed point. 
for all , ∈ . Then has a unique fixed point. Now, we prove the following Suzuki type fixed point theorem without continuity of . 
for all , ∈ . Then has a unique fixed point.
Proof. Define , :
for all , ∈ and ( ) = , where 0 ≤ < 1. Now, since ( ) ( , ) ≤ ( , ) for all , ∈ , ( , ) ≤ ( , ) for all , ∈ . That is, conditions (i)-(iv) of Theorem 15 hold true. Let { } be a sequence with → as → ∞. Since ( ) ( , 2 ) ≤ ( , 2 ) for all ∈ N, then from (45) we get
for all ∈ N. Assume there exists 0 ∈ N such that 
and so by (47) we have 
which is a contradiction. Hence, either
holds for all ∈ N. That is condition (v) of Theorem 15 holds. Let, ( , ) ≤ ( , ). So, ( ) ( , ) ≤ ( , ). Then from (45) we get ( , ) ≤ ( , ) ≤ ( , ) = ( ( , )). Hence, all conditions of Theorem 15 hold and has a fixed point. The uniqueness of the fixed point follows easily from (45). 
Fixed Point Results in Orbitally -Complete Metric Spaces
That is, is a modified --rational contraction mapping. Let { } be a sequence such that ( , +1 ) ≥ 1 with → as → ∞. So, { } ⊆ ( ). From (iii) we have ∈ ( ). That is, ( , ) ≥ 1. Hence, all conditions of Corollary 17 hold and has a fixed point.
